A helical tow model of on-line curing of thermoset composites in winding is developed and solved numerically. Actual shape of tow in winding process is considered, and consequently, the modeling of the on-line curing process is more realistic. A numerical grid generation method is developed for the complicated geometry. Transformations of three-dimensional energy equation and its boundary conditions from physical domain to computational domain are performed, which are crucial in numerical grid generation method when an anisotropic medium is involved. A set of concise and regular equations is obtained. The numerical simulation results show that the helical tow model, in stead of a simplified model, should be used when the ratio of the diameter of fiber-wound composite structure to the diameter of tow is small.
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Introduction
Filament winding of thermoset composites are widely used in manufactures of high pressure vessels, tubings, and aerospace components. Traditional filament winding of thermoset composites is divided into two distinct processes: the winding of tow onto the mandrel at room temperature and the thermal processing of the whole composite structure in an autoclave or oven at high temperature so that the resin is cross linked via chemical reaction [1] . The thermal process, especially for large composite structures, in an autoclave or oven is timeconsuming. To overcome the disadvantages of the traditional manufacturing method of filament winding, studies on on-line thermal processing of thermoset composites in filament winding have been conducted in recent years. Korotkov et al. [2] presented a onedimensional (radial direction) heat transfer model for the simultaneous processes of filament winding and curing of thermoset composites in which the surface of the composite was heated by infrared irradiation and a heated mandrel. Chern et al. [3] studied in situ curing for thermoset, hoop-wound structures using infrared heating. A two-dimensional (radial and azimuthal) model for infrared in situ curing was developed, in which the physical domain was mapped into a rectangular computational domain, neglecting the curvature of the surface layers. Recently, several models to simulate on-line curing of thermoset composites in filament winding have been developed by Wang and Lou [4] [5] [6] [7] [8] [9] . A scheme of the on-site curing method of thermoset composite filament winding depicted by these models is shown in Fig. 1 . In this method, the tow is locally heated by a radiative heater, such as infrared, when it is wound onto the mandrel or the fiber-wound composite structure (hereafter simply referred as mandrel), so that the curing is done during the winding of the tow. The method offers many advantages over the traditional one, such as reduced residual stresses, easier production of composite structures with thick cross section, significant energy savings due to local heating, design flexibility, etc. [4] . In all of the previous models, tow is considered as a straight cylinder, neglecting the curvature of the mandrel. In fact, in the filament winding process, tow is wound helically as shown in Fig. 1 . In this paper, the real shape of helical tow is considered in the on-line curing process and a numerical simulation of the three-dimensional process is performed. During the past years, some studies on helical pipe flow problem have been conducted. Wang [10] introduced a non-orthogonal helical coordinate system along a spatial curve (the centerline of the helical pipe) in the study of the flow in a helical pipe. Later, by rotating the coordinate system introduced by Wang [10] around the centerline of helical pipe, Germano [11, 12] reported an orthogonal helical coordinate system along the centerline of helical pipe in his study on helical pipe flow. The governing equations in the helical coordinate system were given in Refs. [10] [11] [12] . Unfortunately, in the methods used by Wang [10] and Germano [11, 12] , governing equations (continuity equation, momentum equations, energy equation, etc.) in the helical coordinate system are too complicated to solve. On the other hand, the incoming tow before the contact point between the incoming tow and the mandrel in the filament winding process is straight instead of helical in shape, and therefore, the methods provided by Wang [10] and Germano [11] can not be used in the present study. Thompson et al. [13] introduced a general method of boundary-fitted coordinate system generation that can easily treat the fields with complex boundaries. The basic idea of the method is to make the boundaries to coincide with coordinate lines. These curvilinear coordinates coinciding with all boundaries are the solutions of an elliptic partial differential system in the physical domain with Dirichlet boundary conditions on all boundaries. One coordinate is specified to be constant on one of the boundaries, while a monotonic variation of the other coordinates around the boundary is specified. Therefore, each of the boundaries coincides with one of the coordinate lines. Using this numerical grid generation method, the problems with irregular geometries can be solved through the finite difference method or the finite volume method that has been widely used in numerical computations in heat transfer and fluid flow.
In the present study, the numerical grid generation method is successfully applied to the helical tow of on-line thermal curing of thermoset composites in filament winding. The transformed three-dimensional energy equation as well as boundary conditions with anisotropic thermal conductivities in the computational domain are derived and the transformed equation is numerically solved using finite volume method.
Model analysis
2.1. Physical model Fig. 1 depicts the on-line thermal curing process in a Cartesian coordinate system ðx; y; zÞ. The resin-impregnated tow, which is cylindrical shape with diameter d, is fed with a velocity V t in the longitudinal direction of the tow onto the mandrel rotating at a speed x. The angle between incoming tow and the axis of the mandrel is defined as winding angle b. The strategy of on-line curing of thermoset composite in filament winding is to finish the curing of the tow during its winding process. To realize this strategy, heat source, such as infrared, is illuminated onto the region covering the portions of the tow just before and after the contact point between the incoming tow and the mandrel. A control volume that covers the interested portions of the tow is indicated by the dashed lines in Fig. 1 that is fixed relative to the heating source. The length of the tow within the control volume should be long enough to ensure that the curing has matured when the tow leaves the control volume. The temperature of the tow before entering the control volume is considered at environmental temperature T 1 . The z-axis of the Cartesian coordinate system ðx; y; zÞ is placed along the centerline of mandrel and the x-axis goes through the contact point, as shown in Fig. 1 . In this coordinate system, tow is spacially helical except the portion before the contact point. The physical domain of the helical tow model of the on-line curing is shown in Fig. 2 . The tow is represented by a thick solid line in Fig.  2(a) for simplicity. The position of tow surface is depicted in Fig. 2(b) , which is explained in detail in Section 3.2. The tow is considered to be made of fiber and resin that is uniformly distributed. The shape variation of the tow and the displacement of the resin in the radial direction of the tow during the filament winding process are very small that can be neglected in the thermal model [14] . The radiation energy from heat source is considered to be absorbed uniformly by the tow.
Mathematical model
For a practical on-line curing of thermoset composites in filament winding, a complex heat transfer process has to be considered. Several different heat transfer modes occur simultaneously, such as radiation from the heat source, heat conduction inside the tow and at the interface between the tow and the mandrel, and convective heat transfer between the surface of the tow and the surrounding atmosphere. The thermal conductivity of tow is orthotropic with respect to its principal axes.
Because of the motion of tow and the rotation of mandrel, a velocity field has to be also counted. Therefore, a three-dimensional energy equation for anisotropic medium is considered, which is
where g c is the heat generation from chemical reaction within resin, g r is the heat coming from radiation of heat source, q is the density of the tow, c is the specific heat of the tow, k is the thermal conductivity of the tow, and ðu; v; wÞ are velocity components of the tow. The boundary conditions of this model are very complicated. For the incoming tow before the contact point, the heater illuminates the portion L 2 where the surface of the tow undergoes radiation heat transfer and convection heat transfer with surroundings, while the portion L 1 undergoes convection heat transfer with surroundings only. For the tow after the contact point, the heater illuminates the portion L 3 . The top surface of the tow is under the conditions of radiation and convection heat transfer with surroundings, while the under surface of the tow that contacts intimately with the surface of the mandrel is assumed as an isothermal boundary. The centerline of the tow is not at adiabatic due to the non-axisymmetric boundary condition on the tow surface. Boundary condition at the centerline of the tow needs to be specially treated. Here an approximation method--energy balance within an infinitesimally small unit around the centerline of the tow is considered [4] . At the front end of the control volume where the tow enters, the temperature of the tow equals to environmental temperature. The temperature at the other end of the control volume can be assumed to be fully developed with zero temperature-gradient in the axial direction of the tow because of the long enough domain.
Cure kinetics model
The heat generation due to chemical reaction within the resin during the curing process, g c , is given by
where q m is the density of the matrix (i.e., resin) in the tow, v m is the volume fraction of the matrix, G is degree of cure, and H R is the heat of reaction in the matrix.
In the studies of curing of thermoset resin, a cure kinetics model for Hercules 3501-6 resin developed by Lee et al. [15] has been widely used in engineering applications [1, 3] . In this model, the heat release rate is defined as a function of cure degree and temperature. The cure degree is defined as the ratio of the exothermic heat release up to a given time to the heat of reaction that is the total heat release when all cross-linking reactions are completed.
Accordingly, with
where ðB; A 1 ; A 2 ; A 3 Þ are constants, DE is activation energy, and R g is the gas constant. Applying the model to the present study, the values of the relevant parameters are given as: 4 J/mol. It is assumed that the incoming tow is uncured, i.e., G ¼ 0. During the curing process, the cure degree of the resin increases gradually until it is completely cured.
Material properties and relevant parameters
The tow used in this study is Hercules AS/3501-6 prepreg in which fiber is carbon and resin is epoxy. The physical properties of fiber and resin can be found in Ref. [16] : resin density q m ¼ 1:
For the resin impregnated fiber tow, properties are given for the combination of those of both fiber and resin. Because tow is made of unidirectional fiber and resin, its thermal conductivity is orthotropic and the principal directions are parallel and normal to the fiber, respectively. According to Refs. [17, 18] , the relevant properties of the tow are
where subscripts L and T refer to thermal conductivities in the directions parallel ðk L Þ and normal ðk T Þ to the filament, respectively. The mass fraction of resin, defined as the percentage of the mass of resin to the mass of tow, and the mass fraction of fiber that is the percentage of the mass of fiber to the mass of tow, can be obtained by calculations using the following relations:
In the present study, absorptivity of the tow is conservatively assumed to be 0.8, which is generally over 80% [19, 20] . According to existing practice, the relevant parameters used in the calculation are: diameter of the mandrel
Because the mandrel is always rotated during the filament winding process, the convective heat transfer coefficient on the surface of the tow is evaluated using the empirical correlation for an isothermal, rotating cylinder in air [4, 21] .
Numerical grid generation
The geometry of the physical domain of the abovementioned physical model is too complicated to handle directly by the finite difference method or the finite volume method. In order to apply the finite volume method to the present study, the numerical grid generation method is used to transform the physical domain of irregular geometry into a computational domain of regular geometry. All calculations can be carried out in the computational domain. Details of the transformation and the numerical calculation method can be found in Ref. [4] .
Partial differential equations of grid generation
Generally, a computational domain of simple regular geometry should be chosen in the numerical grid generation method. Accordingly, the tow of the helical cylinder in filament winding is considered as a straight cylinder in the computational domain. Correspondingly, a rectangular coordinate system ðn; g; fÞ is established first. Coordinates n and g are in the cross section of the straight cylinder, and f is along the axial direction of the straight cylinder. Because a cylindrical coordinate system is preferred in numerical calculations for the cylinder, the cylindrical coordinate system ðr; h; sÞ is chosen as the final coordinate system in the computational domain, where r is in the radial direction, h is in the azimuthal direction, and s follows the axial direction of the straight cylinder. The actual coordinate transformation is from ðx; y; zÞ to ðn; g; fÞ, and then from ðn; g; fÞ to ðr; h; sÞ. The transformation from the Cartesian coordinates ðx; y; zÞ in the physical domain to the Cartesian coordinates ðn; g; fÞ in the computational domain is performed using the numerical grid generation method. In the computational domain, the transformation from the Cartesian coordinates ðn; g; fÞ to the cylindrical coordinates ðr; h; sÞ can be realized through an algebraic transformation. The basic algebraic relationships between the two coordinate systems ðn; g; fÞ and ðr; h; sÞ are
Being the function in r; h, and s, the covariant base vectors are
To overcome the singularity at r ¼ 0, the L'Hospital's rule is used. The covariant metric tensor is For numerical grid generation, the coordinates are solutions of the chosen partial differential equations. As well known, elliptic type differential equations are generally used because of their smoothing effect in spreading out the boundary slope irregularities [22] . On the other hand, the Laplace system is preferred for its simplicity. Therefore, elliptic grid generation method with Laplace system is adopted in the present study. The Laplace grid generation equations to be solved are
where A represents x; y, and z. The expression for r 2 A is given by
In the cylindrical coordinate system ðr; h; sÞ, it becomes ffiffiffi g p r
Boundary conditions for grid generation equations
The coordinate values of points on the boundary of each cross section of the helical tow can be obtained based on the coordinate value of its center point P , as shown in Fig. 2(b) . Let a be the radius of point P , c be the angle of point P in x-y plane starting from x-axis, and p be the pitch of helical line, then
where s hel is the centerline length of the helical tow in the control volume. The relevant parameters shown in Fig.  2(b) are
The coordinate values of point P at the centerline of the helical tow are
For the straight tow before the contact point, the coordinate values of point P can be easily determined as
The coordinate values of points on the surface of the helical tow are
while the surface of the straight tow before the contact point is described by
Solution of grid generation equations and transformation of energy equation
The grid generation equations, Eq. (15), are solved numerically using a successive over-relaxation (SOR) iterative method. For the derivatives of x; y; z with respect to the coordinates r; h; s the central difference scheme is used for the middle points and the second order forward or backward three-point difference scheme are used for the boundary points.
The transformation of governing equations from the physical domain to the computational domain is essential to the numerical grid generation method. The energy equation in tensor form is given by
or, in the Cartesian coordinate system ðx; y; zÞ
where source term S represents all heat generations. After the energy equation is transformed to the computational domain in ðn; g; fÞ coordinate system, it becomes
where n i represents n; g; f when i ¼ 1; 2; 3, respectively. For anisotropic medium, the heat flux is
where
After transformation
Then, the energy equation in the computational domain using the coordinate system ðn; g; fÞ becomes
As mentioned above, the governing equations (momentum equations, energy equation, etc.) are very complicated in the method introduced by Wang [10] and Germano [11, 12] . There are too many additional differential terms in the governing equations to handle. Additionally, when applying the numerical grid generation method to an anisotropic medium, the transformed two-dimensional energy equation is very complex and contains too many differential terms to be solved [22] [23] [24] . It also should be noted that most studies on the fluid flow problems have not considered any anisotropic property. Contrastedly, Eq. (32) is threedimensional with a tidy format for an anisotropic medium, and very suitable for the finite volume method. Obviously, the transformed three-dimensional energy equation for an anisotropic medium developed in the present study is very significant and meaningful. Finally, the transformed energy equation in the cylindrical coordinate system ðr; h; sÞ is given by
The velocity field in the coordinate system ðr; h; sÞ is
Determination of velocity field
In energy equation Eq. (27) , convection terms account for the motion of the tow in filament winding. If the moving speed of tow in its axial direction is given as V t , then the angular velocity of mandrel rotation is
Subsequently, the velocity in the tangential direction of the fiber-wound composite structure is
If the velocity vector of the tow in the ðx; y; zÞ coordinate system is
the velocity components of the helical tow are
The velocity components of the straight tow are
The contravariant velocity field in the ðn; g; fÞ coordinate system is
Determination of thermal conductivity matrix
The thermal conductivity tensor of helical tow in the cylindrical coordinate system ðr 0 ; h 0 ; s 0 Þ is
In order to obtain the thermal conductivity tensor in the ðx; y; zÞ coordinate system, a transformation of thermal conductivity tensor K 0 from the ðr 0 ; h 0 ; s 0 Þ coordinate system into the cylindrical coordinate system ðR; c; zÞ, symbolized as K 00 , is conducted first. These two coordinate systems are displayed in Fig. 3 . In the coordinate system ðr 0 ; h 0 ; s 0 Þ, r 0 is the radial direction of the tow, h 0 is the angle in the azimuthal direction of the tow, and s 0 is the axis of the tow. In the coordinate system ðR; c; zÞ, R is the radial direction of the mandrel, c is the angle in the azimuthal direction, and z is the axis of the mandrel. The tensor K 00 is given by
where ½C 0 is a transformation matrix
Subsequently, the tensor K 00 in the cylindrical coordinate system ðR; c; zÞ is transformed into the thermal conductivity tensor K in the Cartesian coordinate system ðx; y; zÞ. This transformation is pretty easy: 
The components of the tensor K for the helical tow are
The components of the thermal conductivity tensor K for the straight tow before the contact point are Fiber-wound composite structure Fig. 3 . Transformation of the thermal conductivity tensor of the tow in the cylindrical coordinates ðr 0 ; h 0 ; s 0 Þ into that in the cylindrical coordinates ðR; c; zÞ for the mandrel or fiber-wound composite structure.
Transformation of boundary conditions
In the numerical grid generation method, transformation of boundary conditions from the physical domain to the computational domain is also required. As well known, the first kind of boundary condition will maintain the same after the transformation while the second kind of boundary condition is a special case of the third kind of boundary condition. Therefore, only the transformation of the third kind of boundary condition is needed. The third kind of boundary condition is given bỹ
Here, the expression of unit vector normal to the surface of n i ¼ constant is
and the heat flux in an anisotropic medium,q, is expressed by Eq. (29). The transformed third kind of boundary condition in the coordinate system ðn; g; fÞ of the computational domain for n i ¼ constant is
In the ðr; h; sÞ coordinate system, the transformed third kind of boundary conditions are: for r ¼ constant, 
Grid generation results
Fig. 4(a) and (b) exhibit the grids in the physical domain and the computational domain, respectively. For the tow of diameter 2 mm on the surface of a fiberwound composite structure of diameter 0.1 m, the tow is relatively too small to be seen in details for grids. Therefore, here the grids for a tow of diameter 40 mm and b ¼ 80°on the surface of fiber-wound composite structure of diameter 0.1 m are generated and demonstrated. Only the grids on the surface of the tow are shown for clearness.
Numerical method in computational domain
Finite volume method [25] is applied to the numerical calculation in computational domain. Fully implicit time-marching and power-law schemes are employed in the discretization of the governing equation. To obtain the solution of the discretization equations, ADI iterative method is applied for the whole computational domain. For the solution of each point at each grid line, the standard TDMA is applied in the r and s directions. A CTDMA (Cyclic TDMA) [26, 27] that is effective for periodic problems, in which the beginning and the end of the computational domain are the same, is applied in the h direction. Because the source term and boundary condition are functions of temperature, they are calculated at each iteration step to obtain new values. The tolerance of iteration is 10 À4 . According to the cure kinetics model, strong nonlinearity occurs in the energy equation. Since the curing of resin is an integral process, with the moving of the tow the increase of cure degree for each point of the tow within a small time step is calculated based on its cure degree at the previous time step.
Results and discussion
The on-line thermal curing process of thermoset composites in filament winding is investigated using the helical tow model and numerical grid generation method. A three-dimensional computer code is developed. At the beginning of numerical calculation, a comparison between the present numerical results and the existing data [3] is made. Chern et al. [3] studied in situ thermal curing of hoop-wound thermoset structure with infrared lamp. The prepreg tape with thickness of 0.132 mm is made of Hercules AS/3501-6. The surface of the structure is in convection with the ambient. Although the two models are different, a comparison of the results for the thermal curing processes can be made. The winding velocity (V t ¼ 0:2 m/s) and the diameter of the fiberwound composite structure (D ¼ 0:2 m) used in the present study for numerical result comparison are the same as those given in Ref. [3] . The comparison of the results are shown in Fig. 5 . The temperature and cure degree profiles in the present study are at the centerline of the tow and those in Ref. [3] are at the middle of each layer of tape. It is seen that the present numerical results agree well with Chern's data.
The temperature and cure degree profiles under the conditions of physical model (straight tow) [4, 5, 9] are also shown for comparison. It is seen that the results obtained from both models coincide with each other very well when the ratio of the diameter of fiber-wound composite structure to the diameter of tow ðD=dÞ is larger than 100. However, when the ratio is small, says 10 or 5, the differences between the temperature and cure degree results obtained from both models become obvious and increase with time. Because the actual shape of the tow in filament winding process is considered in the helical tow model, results from this model are more accuracy than those from straight tow model. It is expected that the modeling of on-line thermal curing of thermoset composites in filament winding by the simplified physical model is only acceptable at large ratio. However, for the small ratio, the helical tow model should be used to obtain more accuracy results.
Conclusions
A complicated physical model-helical tow model for the actual tow and the corresponding numerical method are presented, which successfully simulate the on-line thermal curing of thermoset composites in filament winding. A concise and regular transformed threedimensional energy equation and transformed boundary conditions for an anisotropic medium are derived, which are very suitable for numerical computation using the finite volume method. The results are compared to those obtained from the simplified physical model in which the curvature of the mandrel or the fiber-wound composite structure and tow is neglected. Obviously, the simplified physical model is acceptable only for the ratio of the diameter of fiber-wound composite structure to the diameter of tow is large. When the ratio is small, the helical tow model should be used.
